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Abstract 

We derive the Bekenstein-Hawking entropy formula for four- and five- dimensional non- 
supersymmetric black holes (which include the Schwarzchild ones) by counting micro- 
scopic states. This is achieved by first showing that these black holes are U-dual to 
the three-dimensional black hole of Banados-Teitelboim-Zanelli and then counting mi- 
croscopic states of the latter following Carlip's approach. Black holes higher than five- 
dimensional are also considered. We discuss the connection of our approach to the D- 
brane picture. 
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1 Introduction 



Black holes are one of the most fascinating objects in general relativity. Their existence 
has profound implications for gravity in both the classical and the quantum regime. 
Black hole quantum mechanics provides a window into strong coupling quantum physics 
by raising a set of puzzles and questions that any consistent quantum theory of gravity 
should solve. The discovery that the black-hole laws are thermodynamical in nature 
implies that there should be an underlying statistical description of them in terms of 
some microscopic states. In addition, black holes can evaporate 0, which leads to the 
"information loss paradox". These questions, to a large extent, remained unanswered for 
more than twenty years. 

String theory claims to provide a consistent theory of gravity. One would therefore 
expect that string theory provide answers to these questions. The strong coupling na- 
ture of black-hole physics, however, requires an understanding of non-perturbative string 
theory that was not available until recently. The situation has changed dramatically 
during the last few years. The duality symmetries have led to a new unified picture and 
provided a handle into strong coupling physics . The discovery of D-branes ^ has 
led to remarkable progress in the understanding of the physics of extremal black holes. 
In particular, it led to identification and counting of microstates for this subset of black 
holes 0, 1^. The result was in exact agreement with the Bekenstein-Hawking entropy 
formula. The idea behind these computations was to construct a D-brane configuration 
with the same quantum numbers as the corresponding black hole we are interested in. 
The counting of states is then performed at weak coupling, where the D-brane descrip- 
tion is valid. The BPS property of these configurations implies that the number of states 
remains unchanged as the string coupling grows. One, therefore, can extrapolate these 
results to the black-hole phase. In this way states were counted for extremal Ad and 5d 
black holes. Near-extremal black holes were also studied H. The absence of super- 
symmetry, however, makes these results less rigorous. For the same reason (i.e. absence 
of supersymmetry) the physically most interesting case, namely the case of non-extremal 
black holes, is untractable in this framework. Let us mention, however, that a natural 
extension of these ideas, as formulated in the correspondence principle of Polchinski and 
Horowitz (for earlier ideas see |jlO[) does yield the correct dependence of the entropy on 
the mass and the charges, even if it does not provide the numerical coefficient. Recently, 



similar results for non-extremal black holes were obtained in |Tl]] using the M(atrix) 
formulation ||T^ of M-theory. 

Another important development in the understanding of the statistical origin of 
the black-hole entropy (that actually preceded the D-brane developments) was Carlip's 



derivation |]T3| of the Bekenstein-Hawking entropy formula for the three-dimensional 
black hole of Banados-Teitelboim-Zanelli (BTZ)|jl4]. The latter solves Einstein's equa- 
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tions in the presence of a negative cosmological constant and is, therefore, asymptotically 
anti-de Sitter. Soon after its discovery it was shown that the BTZ black hole is actually 
an exact solution of string theory |T3|, |TB[, namely that there is an exact conformal field 
theory (CFT) associated to it. Physics in three dimensions is significantly simpler than 
in higher dimensions. In particular, three-dimensional gravity can be recast as a Chern- 
Simons theory [^, |TB[. If the space has a boundary then the Chern-Simons theory 
induces a WZW action in this boundary. The latter describes would-be degrees of free- 
dom that become dynamical because certain gauge transformations become inadmissible 
due to boundary conditions. Carlip has shown that these degrees of freedom correctly 
account for the Bekenstein-Hawking entropy of the BTZ black hole.Q It is important 
to realize that this result is valid both at extremality and away from it. However, the 
method used seems very particular to three dimensions (see, however, ||21|). Notice also 
that all D-brane results are for black holes of dimension higher than three. The main 
reason for this is that in constructing a solution out of D-branes one usually restricts 
oneself to at least three overall transverse directions, and three-dimensional space-time 
has two transverse directions. If the overall transverse directions are less than three, the 
harmonic functions appearing in the D-brane configuration are not bounded at infinity. 

To summarize:the D-branes techniques can be used to derive the Bekenstein-Hawking 
entropy for Ad and 5d supersymmetric black holes, whereas Carlip's approach is not 
restricted to supersymmetric black holes, but it seems to apply only to 3d ones. We 
shall show in this article that one can use the latter to study non-extremal Ad and 5d 
black holes and, in particular, we will derive the Bekenstein-Hawking entropy formula 
associated to them with the correct numerical coefficient. Our considerations also apply 
to higher-dimensional black holes, although we have no derivation of the Bekenstein- 
Hawking entropy formula in these cases. 

Over the last few years a new unifying picture of all five string theories and eleven- 
dimensional supergravity has emerged 0] . A central role in these developments has been 
played by the various duality symmetries. It is now believed that there exist an under- 
lying master theory, the M-theory, that has all string theories and eleven-dimensional 



supergravity |]22| as special limits. The dualities symmetries can be viewed as some 
kind of gauge symmetry of this theory. Physical quantities should be "gauge-invariant" , 
i.e. U-duality- invariant. Choosing one configuration among all its U-duals to describe a 
physical system corresponds to choosing a particular "gauge". As in usual gauge theo- 
ries, some gauges are preferable for answering certain questions than others. We shall 
show below that the 4d and 5d black holes are U-dual to the BTZ black hole (for related 

^The idea that only physical degrees of freedom defined in a "stretched" horizon may account for the 
black hole entropy has been advocated in [ p9[ . In a string theory context it was put forward by A. Sen 
|pO| , in order to reconcile the Bekenstein-Hawking entropy for extremal electric black holes, with the 
entropy of elementary superstring excitations. 
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work, see p3[). One may, therefore, choose the "BTZ gauge" in order to answer certain 
physical questions. In particular, we shall address in detail the question of the statistical 
origin of the entropy. 

The BTZ black hole (for J 7^ 0) is non-singular. One may, therefore, argue that the 
singularities in the 4d and 5d black holes are "gauge" artefacts. In addition, the fact 
that the BTZ black hole is asymptotically anti-de Sitter and the 4d and 5d black holes 
are asymptotically fiat implies that the cosmological constant is a "gauge-dependent" 
notion. Furthermore, the simplicity of the "BTZ gauge" may make tractable the study 
of the final state of black holes. 

One may wonder at this point how is it possible to connect objects of different dimen- 
sionality using the U-duality group. Consider, for concreteness, type-II string theory on a 
torus. Then, the U-dual group is considered to be the (discretized) version of the global 
symmetry group of the various maximal supergravity theories obtained from eleven- 
dimensional supergravity by toroidal compactification in dimensions d < 10. Therefore, 
almost by definition, the dualities do not change the number of non-compact dimensions. 
For static backgrounds, however, one has, in addition to the isometrics corresponding 
to toroidal directions, an extra time-like non-compact isometry. This leads to a larger 
group. Consider, for instance, the case of d compact directions. The T-duality group 
is 0{d,d). Suppose for a moment that the time is compact with radius R. Then the 
symmetry group would be enlarged to 0{d + l,d + 1). To see what happens in the 
decompactification we let R become larger and larger while restricting the elements of 
0{d + l, d + 1) to the ones that do not mix the coordinates with finite radii with the time 
coordinate. In the limit R 00 the time becomes non-compact and we are left with a 
subgroup of 0{d+l, d+1). The latter is basically a combination of diffeomorphisms of the 
time coordinate, which involve the compact coordinates and the 0{d,d) transformations 
of the compact coordinates themselves. In particular, this group contains elements that 
correspond to isometrics that are space-like everywhere except at spatial infinity, where 
they become null. T-dualizing with respect to these isometrics changes the asymptotic 
geometry of space-time [^, ^ . There seems to be a widespread belief that string theory 
admits only Ricci-fiat compactifications. This is, however, not true. We shall exhibit 
below exact string solutions that correspond to compactifications on S"^ and times 
some torus. T-dualities along the above-mentioned isometrics precisely bring us to these 
compactifications. These, at low energies, reduce to compactifications of lOd supergravity 
on 5*^ and 5*^ times some torus, and therefore connect Poincare supergravities to anti-de 
Sitter {adS) supergravities. Compactifying eleven-dimensional supergravity on spheres 
instead of tori yields the latter. A famous example is the compactification of eleven- 



dimensional supergravity on 5*^, which yields [E5| N = 8 adS^ gauged supergravity [E6 



In other words, these transformations connect solutions of 10c/ (or of lid) supergravity 
that correspond to different compactifications. As such, they may connect solutions with 
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different number of non-compact dimensions. From the point of view of M-theory, one 
may argue that all compactifications of eleven-dimensional supergravity should be on an 
equal footing. This suggests that the symmetry group of M-theory is actually larger than 
what is usually assumed. To obtain the full symmetry group one should also consider the 
various gauged supergravities. The consistent picture that emerges from our discussion 
of black-hole entropy strongly supports this point of view. We shall, from now on in this 
article, use the term U-duality transformation to denote the transformation that results 
from a combination of the usual {R ^ T-duality, of the S-duality of type-IIB string 
theory and of the extra transformations that we mentioned above. We shall also freely 
uplift lOd results to eleven dimensions. 

We shall argue that certain branes, and intersections thereof, are U-dual to supersin- 
gleton representations of various anti-de Sitter groups. In this way we have a connection 
between our considerations and the usual D-brane picture. In particular the branes M2, 
M5 and D3 are dual to the supersingleton representation of adS^, adSj, and adS^, re- 
spectively. A complete list is given in Table 1 (see section 4). All the configurations listed 
there (with the addition of a wave, in some cases) are dual to black holes in 4 < ci < 9. 
Essentially, the duality transformations map the black hole into the near-horizon geom- 
etry (with some global identifications). In the present context, however, this is not an 
approximation. 

The picture emerging from our study is that the microscopic degrees of freedom reside 
in the intersection region of the various branes, making up the black-hole configuration.^ 
This picture is in harmony with results existing in the literature. For Ad and 5d extremal 
black holes, described by a configuration of D-branes that has a one-dimensional inter- 
section, the entropy can be obtained by treating the degrees of freedom as an ideal gas 
of bosons and fermions in a one-dimensional compact space. Similar results (but with 
only qualitative agreement) hold for near-extremal non-dilatonic black holes ||2^. In that 
case as well, the microscopic description involves a p-dimensional theory, where p is the 
spatial dimension of the intersection region. Notice, however, that the intersection region 
is not a U-duality-invariant notion since the same black hole can result from different 
intersections. For instance, the 5d black holes can be constructed by either the inter- 
section of an M-theory membrane (M2) with an M-theory five-brane (M5) and a wave 
(W) along the common direction, or from the intersection of three membranes. In the 
former case the intersection is one- dimensional, i.e. over a string, whereas in the latter 
it is zero-dimensional, i.e. over a point. Let us emphasize that only U-duality-invariant 
quantities of the original configuration may be studied in the U-dual formulation. The 

^ We need not be in the weak string coupling limit for our considerations to be valid. In fact, we will 
always stay within the black-hole phase, where the string coupling is strong. Hence, by branes we mean 
the specific solutions of the low energy supergravity. In the case where the latter carry R-R charge, they 
are the long-distance description of D-branes. 
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entropy of the black hole is such a quantity and, therefore, can be computed in any dual 
configuration. 

This article is organized as follows. In sections 2 and 3 we concentrate on the 4d 
and 5d black holes. In particular, in section 2 we show that 5d and 4d non-extremal 
black holes are U-dual to configurations that contain the BTZ black hole as the only 
non-compact part. In section 3 we present our microscopic derivation of the Bekenstein- 
Hawking entropy formula. We follow Carlip's approach, putting some emphasis on the 
unitarity issue of the underlying SL{2, IR) WZW model. In section 4 we discuss the 
duality between branes and supersingleton representations. In this way we provide a 
connection between our considerations and the D-brane picture. In section 5 we briefly 
discuss higher- dimensional black holes as well as intersections of branes (different from 
the ones discussed in section 2) , which yield 4d and 5d black holes. We conclude in section 
5. Appendix A contains the eleven-dimensional supergravity configurations that reduce, 
upon dimensional reduction along a compact direction, to the ten-dimensional solutions 
used in section 2. Finally, in appendix B we show that higher than five- dimensional black 
holes are not U-duals to configurations that contain the BTZ black hole. 



2 U-duality between non-extremal and 
BTZ black holes 

We will show in this section that ten-dimensional configurations, which upon dimen- 
sional reduction in an appropriate number of dimensions yield a Sc? or a 4d black hole, 
can be mapped by a chain of dualities and a simple coordinate transformation into a 
configuration that has as the only non-compact part the BTZ black hole. In particu- 
lar, the configuration that yields the 5d black hole will be mapped to the configuration 
BTZ X X T^, and the one that yields the Ad black hole to BTZ x xT^. We will 
show that there is an exact CFT associated to each factor of the final configuration. For 
this to be true, it is crucial to carry along the gauge fields of the original configuration. 
After the dualities all the fields acquire their canonical values so that each factor is in- 
dependently associated to a CFT. In this sense, our considerations also provide exact 
CFTs associated to 5d and 4d black holes. 

The basic mechanism that allows one to map one black hole that is asymptotically 



fiat into other that is asymptotically anti-de Sitter has been discussed in Here we 
shall refine this discussion by showing that what was there called shift transformation, 
is actually a property of the plane-wave solution. Consider the following non-extremal 
plane- wave solution in {D + 1) dimensions 

ds"^ = -K-\r)f{r)dt'^ + K{r)(dxi + {K'-\r)-l + tanha)dty 
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+f-\r)dr' + r'dnl_, , 

where 



/(r) = l-^, r2 = a;2 + ... + 4. (2) 



The coordinate Xi is assumed to be periodic, with radius Ri, so that (t, Xi) has the 
topology of a cyhnder. The constant of the off-diagonal part is chosen such that this 
term vanishes at r = fi. One may T-dualize in the xi-direction to obtain a solution 
that describes a non-extremal string. In this case, the off-diagonal part of the metric 
becomes the antisymmetric tensor of the new solution. Our choice of the constant in the 
off-diagonal part of (|l]) ensures that the latter is regular at the horizon |^ . We shall call 



the r = fi surface horizon since, as we shall shortly see, the plane wave solution when 
combined with certain other branes yields 5d and 4d black holes solutions with an outer 
horizon at r = yU. The area of the latter for the solution ([l|) is equal to 

A = 2ttRi cosh , (3) 

where denotes the volume of the unit (D— 2)-sphere. 

Let us perform the following SL{2, IR) coordinate transformation that preserves the 
cylinder: 

/ f \ / n h \ / f \ 

(4) 




t 

Requiring that the transformed solution still be of the form (|l|) and have vanishing off- 
diagonal part at r = /i like (|I|), and that the asymptotics be different, uniquely fixes 
a, 6, c to 

a = cosh a , b = — exp(— a) , c = — - — . (5) 

cosh a 

One obtains^ (with the primes in t' and x[ dropped) 

ds^ = -K-\r)f{r)dt^ + k{r) (dxi + {k-\r) - l)dt)^ + f-\r)dr^ + r^dn%_^ , (6) 
where now 

K{r) = ^ . (7) 

^ In the extremal limit the transformation (jj) and the metric (|^) appear to be singular. In this 
case, we have to rescale the coordinates t' and x'l as t' <'/i~2— and x'^ — > x'-^j . After taking the 
limit a — *■ oo in such a way that the charge Q = \jP~^ sinh^ a. is kept fixed, we obtain a well-defined 
transformation (^) with h = — l/(2a), c = l/o and a arbitrary. The metric has also a well-defined 
limit. 
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Notice that the radius of Xi is now equal to Ri cosh a. We shall call the transformation 
(I) the shift transformation.^ One easily checks that the area of the horizon (i.e. of the 
surface r = //) is still equal to (|^). We therefore conclude that the shift transformation 
does not change the area of the horizon. 

2.1 5d black holes 

Consider the solution of type-IIA supergravity that describes a non-extremal intersection^ 
of a solitonic five-brane {NS5) a fundamental string (Fl) and wave (W) along one 
of the common directions. This configuration can be obtained from a solution of lid 
supergravity as described in appendix A. Let us wrap the NS5 in (xi, 0:2, Xs, X4, Xs), 
the fundamental string in Xi and put a wave along Xi. The coordinates Xi, i = 
1, . . . , 5, are assumed to be periodic, each with radius Ri. The metric, the dilaton and 
the antisymmetric tensor are given by 

dslo = HJ^ (^-K-^fdt^ + K [dxi - {K'-^ - 

+ dxl + --- + dxl + Hs^ir^dr^ + r^dnj) , (8) 

and 

6-2-^ = H;^^Hf , Boi = H'f^ - 1 + tanh , 
1 

Hijk = -eijkidiH'^^ , i, j, fc, / = 6, . . . , 9 , (9) 
2 2 I I 2 

r = Xg H h Xg , 

where the various harmonic function are given by (^Uj), with the identifications Ht Hf 
and Hp Hs^. One may also express the "magnetic" NS5 brane in terms of the dual 
"electric" field, 

^012345 = cothas5(-f^^^^ " 1) + tanh a^s . (10) 

The constant parts of the Bqi and -B012345 were chosen (using a constant gauge transfor- 
mation) such that the antisymmetric tensors are regular at the horizon. 

Dimensionally reducing in xi, X2, X3, X4, X5, one gets a 5d non-extremal black hole, 
whose metric in the Einstein frame is given by 

ds%, = -\-^/^fde + \^'\r^dr^ + r^dnl) , (11) 

^ The definition of the shift transformation is not the same as the one employed in There the 
shift transformation acted on the fundamental string solution and it was a combination of the shift 
transformation as defined in this article and T-dualities. 

^ All configurations studied in this article are built according to the rules of In the extremal 
limit they are supersymmetric, and they are constructed according to the intersection rules based on the 
'no-force' condition |]30| . 
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where 

A = ft,/f;A-=fl + %i)fl + tVl + %t) . (12) 



This black hole is charged with respect to the Kaluza-Klein gauge fields originating from 
the antisymmetric tensor fields and the metric. When all charges are set equal to zero 
one obtains the 5d Schwarzchild black hole. The metric (|1T]) has an outer horizon at 
r = fi and an inner horizon at r = 0. The Bekenstein-Hawking entropy may easily be 
calculated to be 



b = — TFT = TTTTT /J, i ^3 cosh cosh cosh , (Ij) 



where is the volume of the unit 3-sphere and G^^^ and G^^'' are Newton's constant in 
five and ten dimensions, respectively. 

We shall now show that this black hole is U-dual to the configuration of the non- 
extremal BTZ black hole times a 3-sphere. This will be achieved by using the shift 
transformation and a series of dualities. Since neither dualitie^ nor the shift transfor- 
mation change the area of the horizon, the Bekenstein-Hawking entropy of the resulting 
solution is the same as the one of the black hole we started from. The idea is to dualize 
the fundamental string Fl and the NS5 into a wave, apply the shift transformation (^) 
and then return to the original configuration. One sequence of dualities that achieves 
that is, first, to perform TiS (Ti denotes T-duality along the Xj-direction,[] and S is 
the S-duality transformation of the type-IIB string theory). Then, the A^5'5 becomes a 
D5-brane, the wave a Dl-brane and the fundamental string Fl a wave. So, we can use 
the shift transformation @) in (t,xi) to change the harmonic function Hf, as in (0). In 
addition, the radius of Xi is now equal to Ri cosh a/. Next, we perform Ti234,STi. This 
yields a wave in X5, a D2 in {xi,X5) and a DA in (0:2, 2:3, X4, xs). Now, we use the shift 
transformation (§) in {tjX^) to change the harmonic function if^s- The radius of x^ also 
changes to i^scosha^s- Finally, we return to the original configuration with the inverse 
dualities (no shift transformations). The final result is given by the metric in (H), but 
withg ^ ^ 

Hf = ^^ Hs, = ^, (14) 



® For T-dualities, this has been shown in |2^. S-duality leaves the Einstein metric invariant and, 
therefore, it does not change the area either. 

^ T-duality interchanges the type-IIA and type-IIB string theories. When restricted to the fields in 
the NS-NS sector, the T-duality rules are the same as those of Buscher js^. For the R-R background 
fields the corresponding rules can be found in |^ . 

^It is possible to obtain ( p^ and ( p^ ) below in a single step, by combining all preceding transforma- 
tions into one element of the U-duality group. The same comment applies for the similar considerations 
in subsection 2.2. Notice that the coordinate transformation (U) and the subsequent R ^ 1/R duality, 
combine into a single T-duality transformation along an isometry which is space-like everywhere, but at 
spatial infinity, where it becomes null. 
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and, in addition, 



e-^^ = 1 , Soi = H/ - 1 , 

Hijk = ]jeijkidi{Hs->-l) , A;,/ = 6, ...,9 . (15) 

Notice that the parameters a/ and associated to the charges of the original funda- 
mental string Fl and the solitonic five-brane NSb appear only in the compactification 
radii of Xi and respectively, and not on the background fields themselves.^ 

Dimensionally reducing along X2,a;3,X4,X5 we find 

ds\ g = ds\j<2: + l'^dVL\ , (16) 

where 

^ J^- ^ - ^'-h e ^ - '-^i^f + _ _ V (IT) 

is the metric of the non-extremal BTZ black hole in a space with cosmological constant 
A = —1//^, with inner horizon at p = p_ and outer horizon at p = p+. The mass and the 
angular momentum the BTZ black hole are equal to M = (p^ + p^)//^ and J = 2p+p_//. 
In terms of the original variables: 

7 2 2 72 • 1 2 

/ = p, if = — , p = r + I smh Ok , 

p^ = /^cosh^a/f , p^ = /^sinh^ax • (18) 

In addition, 

= 0, Bt^ = ip''-pl)/l , H = lh^, (19) 

where es is the volume form element of the unit 3-sphere. Therefore, the metric (|16D 
describes a space that is a product of a 3-sphere of radius I and of a non-extremal BTZ 
black hole. Notice that the BTZ and the sphere part are completely decoupled. Also all 
fields have their canonical value, so that both are separately exact classical solutions of 
string theory, i.e. there is an exact CFT associated to each of them. For the BTZ black 



hole the CFT corresponds to an orbifold of the WZW model based on SL{2, IR) |T5|, [16 
whereas for S'^ and the associated antisymmetric tensor with field strength H, given in 
(PD|), the appropriate CFT description is in terms of the 50(3) WZW model. 



We can now calculate the entropy of the resulting black hole. The area of the horizon 
is equal to 

, ^ i?icoshaf _ 

A2, = zn ^pcoshaj^ , (20) 

p 



^In the extremal limit where ^ — > 0, ax — *■ 00, as5 — > 00 and af ex, with the corresponding 
charges kept fixed, we have to perform the contraction t — > ^^t, xi —^ ^^xi, Xi — > ^Xi {i — 2, 3, 4, 5) and 
a' — > n'^a'. Then ^ and (^) have well-defined limits, and similarly for (|l^) and ( pj)) below. 
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whereas Newton's constant is given by 

^(10) 

^ {{2nyR2R3R,R5Cosha,,){fim,) ' ^ ' 

It follows that 5" = y43/(4G^'') equals (|13]), i.e. the Bekenstein-Hawking entropy of the 
final configuration is equal to the one of the original 5d black hole. Notice that the 
Newton constant in (|2l|) contains the parameter a^s, i.e. carries information on the 
charge of the original NS5 five-brane. 



2.2 M black holes 

Consider the solution of type-IIA supergravity that describes a non-extremal intersection 
of a D2 brane in (xi, X2), a D6 brane in (xi, X2, X3, X4, X5, Xg), a solitonic five-brane NS5 
in (xi, X3, X4, X5, Xe) with a wave along xi. The eleven-dimensional origin of this solution 
is described in appendix A. The coordinates Xj, i = 1, . . . , 6, are assumed to be periodic, 
each with radius Ri. The metric, the dilaton and the antisymmetric tensors are given by 



and 



dslo = {Hf^H2)-^'^ (-K-^fde + K{dxi + {K'-^ - l)dtf 

+Hs5{HeH2)-'/^dxl + H^^'^Hl'^{dxl + dxl + dxl + dxl) (22) 



6-2-^ = H;,^hI'^H2''^ , H2^, = ^U.AHi, , ^, J, A; = 7, 8, 9 , 

{dA)ij = ^eijkdkHQ , C012 = cotha2(-f^2"^-l)+tanhQ;2 , (23) 



where the various harmonic functions are given in (p2D of appendix A (but renamed as 
Hpi Hs5, Hf2 H2 and Hps ^ Hq). 

Upon dimensional reduction in xi, X2, X3, X4, X5, xg, one obtains a charged id non- 
extremal black hole0 with metric in the Einstein frame given by 

ds%, = -X-'/^fdt^ + X'/\r'dr^ + r^dnl) , (24) 

where 

A = H.,H,H.K = (1 + ^) (1 + ^) (1 + f ) (1 + ^) . (25) 



^"^Extremal Ad black hole solutions embedded in eleven-dimensional supergravity where constructed 
in p3| . In particular, these authors showed that a configuration of three intersecting five-branes with 
a wave along a common string and another one of two membranes and two five-branes reduce, upon 
compactification to four dimensions, to the extremal limit of (|24|). 
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The antisymmetric tensor fields and the off-diagonal part of the metric give rise to gauge 
fields under which this solution is charged. The usual 4d Schwarzchild black hole is 
obtained by setting all charges equal to zero. The metric has an outer horizon at 
r = fi and an inner horizon at r = 0. The Bekenstein-Hawking entropy may easily be 
calculated to be 

A4 1 {27r)^ R1R2R3R4R5R6 2n I. I. I. u ^nR\ 

b = — = u i ^2 cosh a^s cosh ae cosh 0^2 cosh a/s: , [2b) 

where f22 is the volume of the unit 2-sphere and G^"* is Newton's constant in four dimen- 
sions. 

In order to show that this black hole is dual to the BTZ one, we use the same strategy 
as before. We dualize the solution in such a way that each brane becomes a wave, then 
we apply the shift transformation, and we finally return to the original configuration 
with the inverse dualities. For instance, the chain of dualities TiST^^^qSTi converts the 
A^5'5 into a wave. In order to convert D2 into a wave one may use the dualities (starting 
from the original configuration) T2ST1. Finally, the DQ may be converted to D2 by 
^3456- Then, one may use the same dualities as in the previous case. The combined 
effect of these dualities is to change the radius of xi to Ri cosha^s, the radius of X2 to 
i?2 cosh Qfg cosh q;2 , the harmonic functions to 

Hs^ = Hq = H2 = — , (27) 



r 



and the fields to 



e-^^ = 1 , C012 = - 1 



1 1 

H2ij = -eijkdkHsn , {dA)ij = -eijkdkHa , i,j,k = 7,8,9 . (28) 

Similarly to the case of subsection 2.1, the parameters 02, ae and a^s associated with the 
charges of the original D2, D6 and NS5 respectively, appear only in the compactification 
radii of Xi and X2, but not in the background fields themselves.]^ 

After dimensional reduction in X2, X3, x^, X5, Xq, one gets 



where 



In addition. 



ds^ 5 = ds^rp^ + /i dQ,2 } (29) 



I = 2fi , if = ^ , = 2lr + f sinh^ ax , 

p\ = f' cosh^ uk , pt. = l"^ sinh^ ax ■ (30) 



0, Bt^ = {p'-pl)/l , F = pe2, (31) 



In the extremal limit we have to perform a contraction similar to the one described in footnote 9. 
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where F represents the U{\) field strengths and 62 is the volume form element of the 
unit 2-sphere. As in the case of the five-dimensional black hole we also see that the BTZ 
black hole and the 2-sphere decouple completely. We also note that the second term 
in p9|), representing the 2-sphere with the associated gauge field we have mentioned, 



corresponds to the monopole CFT of |Q. Equivalently, it can also be viewed as a 



dimensionally reduced 5*0(3) WZW model along one of the Euler angles parametrizing 
the S0{?>) group element. 

One may calculate the entropy of the final configuration. The result is in agreement 
with (pGl). As in the five-dimensional case, the volume of the sphere as well as certain 
parameters associated with charges of the original configuration (p2|), enter via the three- 
dimensional Newton constant. 



3 Counting microscopic states 

In this section we briefiy review Carlip's derivation of the Bekenstein-Hawking entropy 
formula for the BTZ black hole. The basic idea is that only quantum states leaving on the 
horizon of the black hole are relevant in such computation, whereas those in the bulk are 
irrelevant. Since the horizon represents the end of the world for an outside observer, it is 
treated as a surface boundary. This is in principle applicable in any number of dimensions, 
and the problem is to be able to separate the boundary from the bulk degrees of freedom 
and subsequently to quantize them. This is a formidable task by itself in more than 
three space-time dimensions, and we know of no solution to date. However, in (2 + 1) 
dimensions the problem is trivially solved since there are no bulk degrees of freedom at 
all. Moreover, as we have seen in section 2 this is enough for our purposes, since we 
have mapped the problem of counting microscopic states for the Ad and bd black holes 
into the corresponding problem for the 3(i BTZ black hole. The topological character of 
(2 + l)-dimensional gravity is manifest in its Chern-Simons formulation [FZ, In the 



presence of a non-vanishing cosmological constant the action can be written as[3 

S = Scs{A) - Scs{A) , (32) 

whereQ 

Scs(A) = —[ TT(AAdA + -AAAAA) (33) 
Svr JM \ 3 / 



We only give the bosonic part. The fuU supersymmetric version has also a Chern-Simons form, 
but in superspace In principle, one should also keep the fermions in the derivation of the bound- 
ary action. The latter, however, at least in the limit of small cosmological constant, have subleading 
contribution to the entropy. Nevertheless, it will be useful to repeat the computation by including the 
fermions as well. 

^■^Our normalizations are compatible with the representation To = ztT3/2, Ti = tTi/2, T2 = (12/2 for 
the 5*^(2,11) generators, and Tr is the matrix trace. 
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represents the Chern-Simons actions for some manifold M and similarly for Scs{^)- The 
gauge connections are in the Lie algebra of S0{1,2) and are given in terms of the spin 
connection uj"- and triad 1-forms as 

= CU" - y , = CJ" + y , (34) 

where a = 0, 1, 2. We will denote = Aj^±A^ and similarly for A^. The constants k and 
/ are related hy k = ^J(3) ^ It is well known that, if the manifold M has no boundary, a 
Chern-Simons theory in (2 + 1) dimensions is a topological field theory. However, if there 
is a non-trivial boundary dM, then the variational problem of pure Chern-Simons is not 
well defined unless we specify the boundary conditions and add a boundary-action term 
Sb- This is the case of interest to us, where the non-trivial boundary will be identified 
with the (apparent) horizon of the (2 + l)-dimensional BTZ black hole. This, in turn, 
is a guideline for fixing the appropriate boundary conditions. We will briefly repeat the 
arguments of |]13[ (see also [^] for a systematic general discussion of boundary conditions 



and edge states in gravity). We change coordinates from (t,p,(f)) — > (m, f,0), where u 
and V are light-cone coordinates (the precise relation can be read off by comparing ( p!7|) 
and eq. (3.1) of the first article in |1^). Consider the boundary, with the topology 
of a cylinder, parametrized by the angular variable and the non-compact variable v. 
Keeping A'^, Aj", A^, as well as their tilded counterparts, fixed in the boundary, requires 
that the action 5*^ be given by ^ jgj^j dtdcj) (^^^^^ + \{A'^A~ — A'^Al^)^ minus a similar 
term with A's replaced by A's. The total action is given by the sum of ([3^ ) and Sb and, 
as a result, the variational problem is now well defined. The relevant degrees of freedom 
in the boundary are isolated by parametrizing A = g~^Afg + g'^dg, where Af is a fixed 
gauge connection in the boundary, and similarly for A. Then, quite generally, it can be 
shown that the relevant induced action in the boundary is the sum of two WZW actions 
for SL{2, JR) with opposite levels: 

Sb = kloig) - kloCg) , (35) 

As we have already mentioned, since the horizon of the BTZ black hole at p = p+ (which 
in the new coordinates is located at m = 0) is a null surface, we should demand that 



the boundary dM be a null surface as well. It was shown in |[T^ that the appropriate 
boundary conditions that achieve this are Aj" = ^4+ = = A^ = 0. Moreover, 
we should demand that the circumference of the boundary be the same as that of the 
BTZ black hole, namely 27rp+.0 Then, a natural boundary condition, which is also 

Notice that, since the Newton constant depends on various charges (as follows from our discussion 
in the previous section), so does k. This resonates with the idea of the string-tension rcnormalization 
employed in p5| . 

^^The actual circumference is 27r(5/9+, where S — Ri cosha///^ or S = Ri cosh 0:^5/(2/1) depending on 
whether the BTZ black hole corresponds to the 5c? or to the 4d black hole. Rescaling t — > tS'^, I — > IS, 
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in agreement with the metric ([T7|), is = p+. What remains is to choose a boundary 
condition for u"^. As there is no physical principle that has not been met at this point, we 
leave its boundary value undetermined for the moment. The aforementioned boundary 
conditions are not invariant under the full two-dimensional group of diffeomorphisms but 
only under rigid translations of the angular variable 0. Hence, we must impose on the 
Hilbert space of (^) the constraint 

L^otai ^ + ^ , (36) 

where Lq and Lq are the zero modes of the Virasoro generators corresponding to the 
affine algebras for A'^ and A'^ in (p5|). The expectation value of Lq°*"', in a Hilbert space 
state of total level N, assumes the form 

^0 - ^ + -jzTY - TTY - " ' ^^^^ 

with the Casimir operators given by 

Csii2,n) = {Air + l{A^A^ + A^A+) = + 

Csii2,n) = {Air + l{AtA,+A^A^) = -j(j + l), (38) 

where A^, a = 2, +, — , are the zero modes in a Fourier series expansion of the gauge 
connection A'^, i.e. A'^ = ^ SJ^o ^n^*""^ obey the Lie algebra s/(2,lR). A similar 
expression holds for A'^ as well. Also j and j label the representation of s/(2, IR) ® 
s/(2,lR). Recall that, we have imposed on the boundary that A'^ = A'^ = 0. Hence, 
the Casimir operators in (|38|) are positive-definite. As we shall see, this fact and simple 
thermodynamical considerations, allow only for the principal series representation. Using 
the boundary condition = p+ and the definition (^) we may express the zero modes 
as 

Al = k{uj-P±y Al = k{uj+P±y (39) 

where uj denotes the zero mode of u"^ and encodes the remaining freedom in choosing 
boundary conditions. Then, using (|37|) , we find that 

N = J^L + E±y-.J^L.E±)\ (40) 



k + 2\ I J k-2\ I 
In the thermodynamic limit the configurations with maximum number of states domi- 
nate. Hence, we should maximize N with respect to u. It can be easily shown that the 
maximum value of is reached for u = ujm = and that it is given by 

Nm = ^. (41) 



(j)S effectively sets 6=1. Since, in three dimensions, cj^'' ~ a'^^'^ the Newton 
constant is accordingly rescaled. It is possible to perform the counting of states using the original 
parameters, but we prefer the rescaled ones, thus keeping contact with the original computation by 
Car lip. 
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Finally, the entropy is computed by using the fact that for a CFT with central charge c 
the number of states behaves asymptotically at large levels as ||37| 



n{N) ^ exp I 27r\l —c 



Ar> 1 . 



(42) 



Using the leading order in k value for the central charge, i.e. c ~ 6, one computes the 

27rp+ 



entropy to be [13 



S = \nn{N„ 



4G(^) 



(43) 



N 



This is precisely the Bekenstein-Hawking entropy formula for the BTZ black hole. 

We next prove that, due to boundary conditions, only principal series representations 
of sl{2, IR) are allowed in the thermodynamic limit, in which ^ 1. This limit is what 
one intuitively expects from a physical point of view, but it can also be established by 
requiring that for the statistical description to be valid the condition \-§^\j <^ 1 should 
be fulfilled |3^, where T = (p^ — p^)/(27rp_|_/^) is the temperature of the black hole. In 



our case we have explicitly 



dT 



DM 



1 Nl^ + 24j2fc2 1 

Nl- 8 J2A;2 .fW 



< 1 



(44) 



which implies that A^^ ^ Jk. Due to boundary conditions, (|38| ) reduces to j(j + 1) + 
{AqY = 0, where is given by (|39|) (computed for uj = Um)- This algebraic equation is 
solved for j to give 

1 ' 



J 



± 



Nm{k - 2)2 



(45) 



2 ~ V 4 

where we have used (^T]) . It is clear that the discrete series representations for which 
j + 1 > and j E Z + J (or j G IR if we consider the universal cover of sZ(2,lR)) 
and the supplementary series for which j = — 1/2 + s, < |s| < |, are not allowed if 
Nm ^ 1, since then j becomes complex. However, this is precisely what is needed for the 
continuous series representation to be allowed, since in this case j = — 1/2 + zcr, cr G IR. 
Identifying the latter expression with the one in (^), after it is rewritten so that it is 
valid for large Nm, we obtain 



a 



Nm{k - 2)2 - 1 . 



(46) 



For j the corresponding a is given by an expression similar to (^), but with k replaced 
by —k. Clearly, the right-hand side of ( |^ ) is positive for a sufficiently large number of 
states Njn, i.e. the principal series representation is allowed. 

Our final comment concerns the issue of unitarity in WZW models based on non- 
compact groups. In general, this is still an unsolved problem (for earlier work on the 



subject, see 0), but in the case of the SL{2, IR) WZW model it has been argued 
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that a consistent, unitary theory, can be obtained by restricting to highest-weight states 
belonging to the principal series representation In this case the current algebra 

character formula is the same as that of a theory of three free bosons However, 
the construction of modular invariants is subtle, essentially because states in the Verma 
module corresponding to the principal series representation do not form a closed set under 



the fusion rules [O] . In addition, if we try to construct modular invariants by using only 
principal series representations, we would need to obtain the appropriate measure of 
integration over all j = — | + ^o". Notice, however, that since the boundary conditions 
break the two-dimensional diffeomorphisms it may not be necessary to have a modular 
invariant formulation; only the norm of the microstates is required to be positive-definite. 
It would be important to reexamine these and related issues in view of the great relevance 
of the SL{2, H) WZW model in black-hole physics we have uncovered. 



4 Connection with D-branes 

Since we want to compare our counting of microscopic black-hole states with the counting 
using D-branes, let us consider the extremal case where the latter is valid. In the D-brane 
picture, one constructs a configuration of D-branes that carries the same quantum num- 
bers as the corresponding black hole. Counting the degeneracy of this configuration yields 
the number of microstates. When we uplift it to M-theory it becomes an intersection of 
membranes M2, five-branes M5 and plane- wave W solutions. 

The effect of the shift transformation on the M-branes and on intersections of them 
has been studied in [^. The result is that certain branes and intersections thereof are 



m 



mapped into spaces that are locally isometric to spaces of the form adSk x E'- x S 
where adSk denotes the fc-dimensional anti-de Sitter space, E'' denotes the /-dimensional 
Euclidean space and 5"" is the m-dimensional sphere. We tabulate these results below. 
We also give the result for the D3-brane. Similar results hold for the rest of the branes, 
but only when they are expressed in the "dual Dp-frame" , i.e. the metric in which the 
curvature and the (8— p)-form field strength appear in the action with the same power 
of the dilaton [^]. In all cases, in order to arrive at the dual configuration one needs 
a number of compact isometrics. This yields the space indicated in the second column 
of the table with some global identifications. For instance, the adS^ appearing below is 
more properly viewed as an extremal BTZ black hole (with J ^ only if a plane wave is 
added to the corresponding configuration in the left column). 
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Table 1 



M5 


arfS'y X 


M2 


adSi X S''' 


D3 


adS^ X S"^ 


M2 ± M5 


adSg X X ^3 


M5 ± M5 ± M5 


adS^ xE^ xS^ 


M2 ± M2 ± M2 


adS2 xE^ X 


M2 ± M2 ± M5 ± M5 


adS2 xE^ X 



It is rather remarkable that these considerations distinguish branes and intersections 
that we already know to play a distinguished role for other reasons. For instance, from 
these configurations (with the addition of a wave in some cases) one can obtain black-hole 
solutions in 4 < c/ < 9 upon dimensional reduction. 

Since after the duality the asymptotic geometry has changed, the degrees of freedom 
should organize themselves into representations of the appropriate anti-de Sitter group. 
The latter has some representations, the so-called singleton representations, that have no 
Poincare analogue.0 They have appeared in studies of spontaneous compactifications of 
eleven-dimensional supergravity on spheres. In particular, the fields of the supersingleton 
representation appear as coefficients in the harmonic expansion of the eleven- dimensional 
fields on the corresponding sphere. A crucial property is that the singleton multiplets can 
be gauged away everywhere, except in the boundary of the anti-de Sitter space In 
particular, it has been argued in the past that the singleton representations of adS4^, adSj, 
adS^ and adS^ correspond to membranes |4^, five-branes |^ self-dual threebranes 
P8| , ^ and strings |5^, respectively. It has actually been shown that, in all cases, the 
world-volume fields of the corresponding p-brane form a supersingleton multiplet. We, 
therefore, conclude that the membrane M2, the five-brane M5, the self-dual threebrane 
D3, as well as strings, are U-dual to supersingletons. Looking back to Table 1, we see 
that the anti-de Sitter spaces appearing there, are precisely the ones we just discussed, 
with one exception, the adS2 space. The boundary of adS2 is simply a point. Thus, one 
deals with quantum mechanics instead of quantum field theory. It is very tantalizing to 
identify the theory on the boundary with DO branes. This might yield a connection with 
M(atrix) theory. However, the DO solution factorizes as adS2 x only in the "dual-8 
frame". So, it is not clear whether or not such an identification is correct. 

What is important is that, precisely as in our discussion of the counting of states in 
section 3, would-be gauge degrees of freedom become dynamical at the boundary. Let 
us consider, for concreteness, the case of the extremal 5d black hole. The M-theory 



^^These representations, for the case of adS^, were discovered by Dirac [Q and named singletons by 
C. Fronsdal [El. 
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configuration is the intersection of an M5 wrapped in {xi,X2, X3, X4, X5), an M2 wrapped 
in (xi,xio) witli a wave along xi. Tlie 5d black hole arises after a dimensional reduction 
along xi,X2,X3,X4,X5,Xio. Let us first consider the effect of the shift transformation to 
each brane separately (i.e. consider a configuration with only that brane). The M5 
becomes the singleton representation of adSj. The anti-de Sitter space has coordinates 
t, Xi, . . . , X5, r. The coordinate r used to be the radius of the transverse space. The five- 
brane is represented by gauge degrees of freedom everywhere except at the boundary. 
Studying the five-brane dynamics is equivalent to studying the supersingleton dynamics 
of adSj. In a similar fashion, the membrane becomes the singleton representation of 
adS4^ (with coordinates t,xi,xio,r). After superposition the effects of the two branes 
cancel each other in the relative transverse directions. We end up with adSs x x S^, 
where the adS^ part is along the common world-volume directions. It follows that the 
latter contains gauge degrees of freedom that become dynamical at the boundary. These 
correspond to the singleton representation of adS^, which can be interpreted as a string 
|50| . Thus, we find a string living on the world- volume of the five-brane |^ . Notice that 
the anti-de Sitter group 5*0(^—1, 2) coincides with the conformal group in one dimension 
lower. Therefore, one ends up with a conformal field theory on the boundary. Since we 
are considering extremal black holes, the theory at the boundary is also supersymmetric. 
After the addition of the wave along xi, the adS^ becomes a massive extremal BTZ black 
hole. These are precisely the degrees of freedom we have counted in section 3. A similar 
interpretation holds also for the 4d black hole. 

Notice that the non-extremal black holes result from the non-extremal intersection of 
extremal branes and not from the intersection of non-extremal branes. In other words. 



they can be viewed as non-extremal "bound-state" configurations [2£]. This means that 
one still has the interpretation of each brane as a singleton representation of the corre- 
sponding anti-de Sitter group. Therefore, the above discussion still applies. 



5 Higher-dimensional black holes and 
further comments 

Let us briefly discuss higher-dimensional (6 < < 9) black holes. These cases are more 
complicated, since they are not connected to three-dimensional black holes. A direct proof 
that the BTZ black hole cannot appear in U-dual configurations of these black holes is 
given in appendix B. Already from the discussion of the previous section, however, it 
follows that the higher than five- dimensional black holes are associated with higher than 
three-dimensional theories. The 9d black holes can be obtained from the non-extremal 
intersection of M2 with a wave, 7d black holes from the intersection of D3 with a wave. 



and 6d black holes from the intersection of M5 with a wave 29 . Hence, these black 
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holesQ are associated with the first three entries of Table 1. It follows that in order to 
understand them one would need to understand the boundary field theories of adS4^, adS^ 
and adSf, respectively. Our considerations also imply that the metrics (supplied with 
the appropriate antisymmetric tensor fields), after we remove the part corresponding to 
the sphere, describe solutions of gauged supergravities in four, five and seven dimensions. 
Presumably, they are black-holes solutions, but this question deserves further study. 

The fourth and fifth entries of Table 1, when supplemented with waves, correspond to 
the 5d and 4d black holes we discussed in section 2. Closely related are the configurations 
of the last two entries of Table 1: they also correspond to 5d and Ad black holes. In these 
cases the non-compact part is a two-dimensional configuration, instead of the three- 
dimensional BTZ black hole. This can be thought of as the dimensionally reduced BTZ 
black hole along a compact direction. For both cases, there is an associated exact CFT. 
In particular, the last entry of Table 1, after dimensional reduction along the directions 
of -E^, corresponds to the Ad configuration adS2 x S"^. This is the Bertotti-Robertson 
metric, which (with appropriate gauge fields) corresponds to an exact classical solution 
of string theory |^2|]. Notice that the last three entries of Table 1 can be obtained from 
BTZ X after we dimensionally reduce along appropriate Euler angles parametrizing 
the corresponding group elements. Reducing the BTZ part one obtains the 0^5*2 black 
hole, whereas reducing the part one obtains 5*^. In all cases the CFT description is in 
terms of the original one for BTZ x (the various gauge fields are important for this). 

One may also consider the first five entries of Table 1 without the addition of a wave. 
These are non-dilatonic black branes whose thermodynamic properties were studied in 
27| . All of them have zero entropy in the extremal limit .0 Near-extremality, however. 



their entropy has the same form as the entropy of an ideal gas of massless particles. For 
M5, M2 and D3 the entropy behaves, as a function of the temperature T, as Sp ~ T^, 
where p = 5,2 and 3, respectively. This is the scaling behaviour of the entropy of an 
ideal gas of massless particles in p spatial dimensions. For the fourth and fifth entries 
one gets 5* ~ T^, i.e. a string-like form. It is now easy to understand these results. 
From our previous discussion we know that the degrees of freedom that account for the 
Bekenstein-Hawking entropy live on the boundary of the corresponding anti-de Sitter 
space. The latter has precisely the right dimension in each case. Near extremality, the 
degrees of freedom interact only weakly, and therefore one may associate to them a gas 
of free particles. Away from extremality, when the various interactions are turned on, 
full knowledge of the boundary dynamics is required. 



The 8d black hole does not seem to be on an equal footing with the rest. One may obtain 8d black 
holes from a configuration of an AI2 branc with a wave that has an extra isometry along which one may 
dimensionally reduce. This implies, however, that the corresponding sphere does not decouple. 

^^This can easily be seen from (^3|) and ( p^ ) by first setting aK = 0, i.e. no wave, and then going to 
the extremal limit /i ^ with the charges (Qs5, Qf) and (Qs5, Q2, Qe), respectively, kept fixed. 
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6 Conclusions 



We have presented in this article a microscopic derivation of the Bekenstein-Hawking 
entropy formula for four- and five-dimensional non-extremal non-supcrsymmetric black 
holes. Previous successful attempts to count microscopic black-hole states were based 
on D-brane techniques, and were confined to extremal (or, at best, infinitesimally away 
from extremal) configurations, where part of supersymmetry is preserved (strictly in the 
extremal limit). For non-extremal black holes, the best attempts to date only succeeded 
in deriving the correct dependence of the Bekenstein-Hawking entropy formula on the 
charges, but not the precise numerical coefficient. In this article we have computed the 
entropy of non-extremal, non-supcrsymmetric 4d and 5d black holes from a microscopic 
point of view, by embedding these black holes into M-theory and then using its symme- 
tries to map them, via a series of U-dualities, into configurations whose non-compact part 
is the three-dimensional BTZ black hole. Wc then performed a counting of microscopic 
states by following Carlip's approach. The latter is valid at and away from extremality. 
We furthermore argued that certain branes are dual to supersingleton representations of 
various gauged supergravities. In this way we obtained a connection with the D-brane 
picture. 

A crucial step in our approach, that enabled us to relate solutions of Poincare and anti- 
dc Sitter supergravities, was T-duality transformations with respect to isometrics which 
arc space-like everywhere, except at spatial infinity, where they become null. Moreover, 
since the non-compact time coordinate is involved in these transformations, the orbits of 
the isometry are non-compact. We have mentioned that a more proper treatment requires 
that we compactify the time (at some radius R) and at the end of the computation 
we send the compactification radius — > oo. Notice that in the anti-de Sitter space 
that we obtain, after all dualities have been performed, the time is naturally compact 
and taking the infinite radius limit corresponds to considering the covering space. Of 
course, then, the corresponding winding states decouple since they become infinitely 
heavy. However, it seems that these winding states should be projected out anyway since 
they are ghost-like, i.e. the corresponding coordinate has the "wrong" sign in the action. 
All non-dynamical processes (computation of the entropy is such a process) should be 
independent of whether or not one uses a non-compact time or keeps the radius R finite 
until the very end. Probably one should be more careful when it comes to fully dynamical 
processes, such as scattering. Nevertheless, it will be interesting to understand this point 
better. 

Higher-dimensional black holes also fall into our scheme, with one exception: the 
eight-dimensional black holes. It will be interesting to understand what distinguishes 
these black holes from the rest. The higher than five-dimensional black holes are associ- 
ated to higher than three-dimensional field theories; their analysis is therefore consider- 
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ably harder. In that respect, it would be interesting to better understand supersingleton 
field theories. The latter have been analysed in In that case the corresponding 

p-brane was considered to lie at the end of the world, where the topology is x 5*^. In 
the present context we would like to consider the boundary at the horizon of the black 
hole in a way similar to that used in section 3. Since the anti-de Sitter group coincides 
with the conformal group in one dimension lower, these field theories should be conformal 
field theories. The theory on the boundary of the BTZ black hole is indeed a conformal 
field theory. Having obtained such field theories it would be desirable, as a next step, to 
further substantiate our assessment that singletons account for the black-hole entropy of 
the black holes we have considered. For instance, for the case of the 5d black hole, we 
may try to explicitly construct a (1 + 1) field theoretical action for them. This should 
arise from the synthesis of the six-dimensional and three-dimensional singleton actions 
corresponding to adSf and adS^ spaces into a two-dimensional action corresponding to 
the one-dimensional intersection of the M5 and M2 branes. The resulting action should 
be related to (pS]). Similar considerations can also be made for the black holes corre- 
sponding to the spaces listed in Table 1, although for the higher than five-dimensional 
black holes we do not know the form of the action in the intersection. 

In this article we have only studied black holes that arise from compactifications of 
type-II string theory. There are also heterotic black holes. One might wonder whether 
our considerations apply in these as well. Although we do not have a definite answer 
we remark that a mechanism that changes the asymptotics of 4d heterotic solutions 
(the corresponding non-extremal black-hole solutions have been constructed in [Q) has 



already been reported in [54| for the gravity-dilaton-axion sector. Extensions of this 
work that will include the gauge fields should be important. 

In our study of Ad and 5d black holes we have used the "BTZ gauge" . From Table 1 
we see that there is also a U-dual configuration that involves, as the only non-compact 
part, the two-dimensional adS2 black hole. It has been shown |^ that the adS2 gravity 
can be rewritten as a BF theory, i.e. a topological field theory. Therefore, one would 
expect that all degrees of freedom reside on the boundary, which is just a point. Thus 
the computation of the entropy now becomes a quantum mechanical calculation. What 
is truly remarkable is that, after the U-dualities, all the dependence of the entropy on 
the various charges resides in the two-dimensional Newton constant. In this sense, the 
dependence of the Bekenstein-Hawking entropy formula on the mass and the charges 
is "kinematical" .|^ The precise numerical coefficient becomes a question that requires 
dynamics. Such a calculation was performed in the last paper in [^. The authors 
reported negative results. It view of the relevance of these results, it is definitely worth 
while to reexamine this calculation. 



^^This is in accordance with the fact that only quahtative considerations are sufficient to determine 
the correct dependence of the entropy on the various charges |ll| . 
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Perhaps the most interesting apphcation is to study the final state of black holes in 
our framework. In this respect the most promising "gauge" seems to be the adS2 one. 
One should find U-duality-invariant quantities that uniquely characterize the final state 
of the black hole. Furthermore, such calculations should involve the CFTs associated 
with the spheres and the tori since these carry information about the original black hole. 
We intend to return to this and other related issues in the future. 
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A M-theory configurations 

In this appendix we present the M-theory configurations that yield, upon dimensional 
reduction in one coordinate, the lOc? solutions discussed in section 2. 

Consider the solution of the lie? supergravity that describes a non-extremal intersec- 
tion of a five-brane (M5), a membrane (M2) with a wave iW) in one of the common 
directions. Let us wrap the M5 in (xi, X2, X3, 0:4, X5), the M2 in (xi, Xio) and put a wave 
along the Xi common direction. The coordinates Xi,i = 1, . . . , 5, 10, are assumed to be 
periodic, each with radius Ri. Explicitly, the solution is given by p9|: 



dsl^ = Ht^^H'^/ (^T^Hp^ l^-K-^fdt^ + K (dxi + {K'-^ - l)dt) 

+Hp\dxl + ■■■ + dxl) + r^dr^ + r^d^l + H^^dxlo^ , (47) 

with0 

JF4 = -3dt A dH^p-^ A dxi A dxw + 3* dH'p A dxio , (48) 
where the various harmonic functions are given by 

K = 1 + K''"^ = 1 — ^-^K^^, Qx = sinh^ ax, Qk = /^^ sinh ax cosh ax 
Hp = 1 + Hp^^ = 1 — ^^Hp^, Qp = /i^sinh^ar, Qt = /i^ sinh cosh 
Hp = 1 + Hp = 1 + Qp = fj? sinli^ ap, Qf = l^"^ s^^^cep cosh ap , (49) 



^°The ^-duality operation in ( psf ) and (^) is defined with respect to (flat) transverse four-dimensional 
and three-dimensional spaces, respectively. 
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and / is the same as in (0) with D = 5. The extreme hmit is given by yU — > 0, ax —>■ 
oo, aT oo,aF oo, while Qk, Qt and Qp are kept fixed. Upon dimensional reduction 
along Xio, one obtains In we have renamed Ht — * Hf and Hp Hg^, and also 
the charges, so that it is clear to which brane each one of them is associated. 



The M-theory configuration that yields (|22|) involves three five-branes wrapped in 
(xi, X3, X4, X5, xq), {xi,X2, X5, xq, xio) and {xi, X2, x^, X4, xiq), each intersecting at a three- 
brane, with a wave along the string common to all three branes in the direction Xi. The 
metric and the four-form are given by p9[ 

dsl^ = {HFiHF2HF3f^ [HpIHpIHpI {-K-^fde + K{dxi + {K'-^ - l)dtf 
+HplHpl{dxl + dxl^) + HplHpl{dxl + dxl) + HplHpl{dxl + dxl) 
+f-^dr^ + r^dQl^ , (50) 

and 

^4 = 3{*dHp-^ A dx2 A dxio + *dHp2 A rfxs A dx^ + *dHp^ A dxs A (ixg) • (51) 
The various harmonic functions are defined as 

Hpi = 1 + Hp- = 1 + Qp- = /isinh^ Q;j7j, Qp. = /isinha^jcoshairj , 

K = l + —^, K'~^=l — ^-^K, Qk = fisinh.'^ Qi^- = // sinh cosh , (52) 

where i = 1,2, 3, and / is the same as in (H) with D = A. The extreme limit is given by 
/i — i> 0, ax — ^ 00, api 00, while Qk and Qpi, i = 1, 2, 3, are kept fixed. Upon dimen- 
sional reduction along xio one obtains a solitonic five-brane NS5 in (xi, X3, X4, X5, xe), 
two L'4-branes in {xi,X2,X5,xq) and (xi, X2, X3, X4), with a wave along xi. We further 
T-dualize this solution along T^q. This yields the solution ( P^ used in section 2. There, 
the harmonic functions are renamed as Hpi — ^ if^s, Hp2 H2 and iJi^a — i/g- The 
charges and the angles are also appropriately renamed. 



B Higher-dimensional black holes 
and the BTZ black hole 

In this appendix we will show that the BTZ black hole can only be connected with Ad 
and 5d black holes and not with higher- dimensional ones. 

Black holes arise from brane intersections after dimensional reduction. The dimen- 
sionality D of the final black hole is equal to the overall transverse dimension plus 1. 
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The solution depends on a number of harmonic functions with respect to the overall 
transverse space, i.e. they are of the form 

H = ^ + ^,- (53) 

We consider non-extremal configurations obtained from extremal ones according to the 
rules discussed in [EU . 



As a first step we will rewrite the BTZ black hole metric {\17\) in a way that depends 
on {D — 1) -dimensional harmonic functions. To this end, consider the change of variables 

We also make the following identifications 

2 

I = — — — /i , p+ = I cosh a , p- = I sinh a , 
[D — 3) 

^ = J^ H= ^ ■ (55) 
The final result is that the BTZ metric (|l^) takes the form 

cIsItz = (^-K-\r)f{r)dt^ + K{r) (dx + {K'-\r) - l)dt) 

+HT^^ f-\r)dr^ , (56) 

where /, K and K' are as in (0). 

Let us now examine whether or not this metric can result from an intersection of 
branes. If this is the case, the form of H implies that the BTZ black hole will emerge 
after the shift transformation has been applied. The configurations we examine are built 
from superpositions of single brane solutions. The latter have the form 

ds"^ = (^H-\-dt^ + dxl + --- dxl) + (c/xj+i + ■ ■ ■ + c/x^_i)) , (57) 

where if is a harmonic function and Op is a numerical factor that depends on the particular 
brane (e.g. 02 = 1/3 for the M2, = 2/3 for the M5, etc.). What is important for our 
discussion is that the difference between the power of the harmonic function multiplying 
the overall transverse coordinates and the power of the harmonic function multiplying 
the world- volume coordinates is 1. This is true for all branes (and also for the wave). If 
one superimposes two branes, then the difference of the sums of the powers will be 2. For 
a solution that depends on k charges (the charges may be degenerate) the difference will 
be equal to k. The same results hold for non-extremal intersections built according to 
the rules of ||2^. Notice also that this number is preserved in the process of dimensional 
reduction. The explicit form of a solution arising from the intersection of k branes is 



k 



\i=l 



H-'^ fdt' + dsl + dsl^ + f-Hr^ + r^dnl_)i 



(5^ 
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where ds^ denotes the metric of the world- volume coordinates apart from the dt'^-term 
shown in (|58|) , and ds\j^ is the metric of the relative transverse coordinates. The precise 
form of the latter is irrelevant for our argument. Here Hi are harmonic functions (includ- 
ing the one associated with the wave) and a^'s are some numerical constants. Therefore, 
if the solution (^) originates from an intersection of branes, then we should have 

+ 2 = k . (59) 



D-3 



This equation has solutions (for integers D and k) only for D = 4, /c = 4 and D = 
5,k = 3. These are precisely the cases studied in section 2, namely for a Ad black hole 
that depends on four charges and a 5d black hole that depends on three charges. Notice 
that this argument depends crucially on the fact that we build our intersection according 
to the rules of namely we start from supersymmetric configurations and then add 
deformation terms appropriately. For a supersymmetric configuration, k is always an 
integer [E6 . 



References 

[1] J.D. Bekenstein, Phys. Rev. D7 (1973) 2333 and D9 (1974) 3292. 

[2] S.W. Hawking, Nature 248 (1974) 30; Commun. Math. Phys. 43 (1975) 199. 



[3] CM. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109, |hep-th/9410167| ; 
E. Witten, Nucl. Phys. B443 (1995) 85, |hep-th/9503T^ 



[4] P. Horava, Nucl. Phys. B327 (1989) 461 and Phys. Lett. B231 (1989) 251; J. Dai, 
R.G. Leigh and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073; R.G. Leigh, Mod. 
Phys. Lett. A4 (1989) 2767. 



[5] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724, |hep-th/95100T7 



[6] A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99, |hep-th/9601029| . 

[7] C.G. Callan and J.M. Maldacena, Nucl. Phys. B472 (1996) 591, |hep-th/9602[M3. 



[8] S. Das and S. Mathur, Phys. Lett. B375 (1996) 103, |hep-th/960ir5^ ; G.T. Horowitz 



and A. Strominger, Phys. Rev. Lett. 77 (1996) 2368, |hep-th/9602051 



[9] G.T. Horowitz and J. Polchinski, Phys. Rev. D55 (1997) 6189, |hep-th/9612146| and 



Self gravitating String for Black Holes and Strings, |hep-th/9707170 



[10] L. Susskind, Some speculation about black hole entropy in string theory, [hep- 
I th/9309T45 . 



25 



[11] T. Banks, W. Fischler, I.R. Klebanov and L. Susskind, Schwarzchild black holes 
from Matrix theory, [hep-th/ 970909 1| ; I.R. Klebanov and L. Susskind, Schwarzchild 
black holes in various dimensions from Matrix theory, [hep-th/9709108| ; E. Ha- 
lyo. Six- dimensional Schwarzchild black holes in M(atrix) theory, [hep-th/9709225 



G.T. Horowitz and E.J. Martinec, Comments on black holes in Matrix theory, [hep- 



tli/9710217|; M. Li, Matrix Schwarzchild black holes in large N limit, |hep-tii/9710226 



[12 
[13 



[14 



[15 
[16 
[17 

[is: 

[19 

[20' 
[21 

[22' 
[23 



S.R. Das, S.D. Mathur, S.K. Rama and P. Ramadevi, Boosts, Schwarzchild black 
holes and absorption cross-sections in M theory, |hep-th/9711003| ; T. Banks, W. Fis- 
chler, I.R. Klebanov and L. Susskind, Schwarzchild black holes from Matrix theory 
2, |hep-th/9711005| . 

T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112, 
|hep-th/96l004S . 



S. Carlip, Phys. Rev. D51 (1995) 632, |gr-qc/940905"2| and D55 (1997) 878, |rj 
qc/9606043| . 



M. Banados, C. Teitelboim and J. Zanelh, Phys. Rev. Lett. 69 (1992) 1849, |hep= 



th/ 92040991 ; M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev. 



D48 (1993) 1506, kr-qc/9302012 . 

G. Horowitz and D. Welch, Phys. Rev. Lett. 71 (1993) 328, |hep-th/9302nB 
N. Kaloper, Phys. Rev. D48 (1993) 2598, |hep-th/93030"07 . 
A. Achucarro and P. K. Townsend, Phys. Lett. B180 (1986) 89. 
E. Witten, Nucl. Phys. B311 (1988) 46. 

G. 't Hooft, Nucl. Phys. B256 (1985) 727 and B335 (1990) 138; L. Susskind, 
L. Thorlacius and J. Uglum, Phys. Rev. D48 (1993) 3743, |liep-th/9306069| ; 
M. Maggiore, Nucl. Phys. B429 (1994) 205, |qr-qc/9401027 . 

A. Sen, Mod. Phys. Lett. AlO (1995) 2081, |hep-th/9504Ti7 . 

A. Ashtekar, J. Baez, A. Gorichi and K. Krasnov, Quantum Geometry and Black 
Hole Entropy, ^r-qc/97100071 , and references therein. 

E. Gremmer, B. Juha and J. Scherk, Phys. Lett. B76 (1978) 409. 



S. Hyun, U-duality between Three and Higher Dimensional Black Holes, [hep- 
th/9704005| . 



[24] H.J. Boonstra, B. Peeters and K. Skenderis, Phys. Lett. B411 (1997) 59, Eep 



th/9706192 . 



26 



[25] F. Englert, Phys. Lett. B119 (1982) 339; B. Biran, F. Englert, B. de Wit and 
H. Nicolai, Phys. Lett. B124 (1983) 45. 

[26] B. de Wit and H. Nicolai, Phys. Lett. B108 (1981) 285 and Nucl. Phys. B208 (1982) 
323; M.J. Duff, B.E.W. Nilsson and C.N. Pope, Phys. Rep. 130 (1986) 1. 

[27] LR. Klebanov and A.A. Tseythn, Nucl. Phys. B475 (1996) 164, |hep-th/ 960405^ . 

[28] G. Horowitz and D. Welch, Phys. Rev. D49 (1994) 590, |hep-th/ 9308077. 



[29] M. Cvetic and A.A. Tseytlin, Nucl. Phys. B478 (1996) 431, |hep-th/96060^ . 

[30] G. Papadopoulos and P.K. Townsend, Phys. Lett. B380 (1996) 273, |hep-th/ 9603057 ; 
A.A. Tseythn, Nucl. Phys. B475 (1996) 149, |hep-th/9604035| ; A.A. Tseytlin, Nucl. 
Phys. 487 (1997) 141, |hep-th/9609212| ; R. Argurio, F. Englert and L. Houart, Phys. 



Lett. B398 (1997) 61, |hep-th/97010"42 



[31] T. Buscher, Phys. Lett. B194 (1987) 59 and B201 (1988) 466. 

[32] E. Bergshoeff, C.M. Hull, T. Ortin, Nucl. Phys. B451 (1995) 547, |hep-th/950408T 



[33] LR. Klebanov and A.A. Tseytlin, Nucl. Phys.B475 (1996) 179, |hep-th/9604T66 . 

[34] I. Antoniadis, C. Bachas and A. Sagnotti, Phys. Lett. B235 (1990) 255; 

S.B. Giddings, J. Polchinski and A. Strominger, Phys. Rev. D48 (1993) 5784, [hep- 



th/9305083 . 



[35] F. Larsen and F. Wilczek, Phys. Lett. B375 (1996) 37, |hep-th/95110"64| ; M. Cvetic, 
Phys. Rev. D53 (1996) 5619, |hep-th/951203l| ; A.A. Tseytlin, Nucl. Phys. B477 
(1996) 431, |hep-th/9605091 . 

[36] A.P. Balachandran, L. Chandar and A. Momen, Nucl. Phys. B461 (1996) 581, 
|gr-qc/94120T9| ; M. Banados and A. Gomberoff, Phys. Rev. D55 (1997) 6162, |r] 
qc/9611044l ; J. Gegenberg, G. Kunstatter and T. Strobl, Phys. Rev. D55 (1997) 



7651, i?:"qc/96l2031 
[37] J.L. Cardy, Nucl. Phys. B270 (1986) 186. 

[38] J. Preskill, P. Schwarz, A. Shapere, S. Trivedi and F. Wilczek, Mod. Phys. Lett. A6 
(1991) 2353. 

[39] J.D. Lykken, Nucl. Phys. B313 (1989) 473; J. Balog, L. O'Raifeartaigh, P. Forgacs 
and A. Wipf, Nucl. Phys. B325 (1989) 225; L Bars, Nucl. Phys. B334 (1990) 125; 
L.J. Dixon, M.E. Peskin and J. Lykken, Nucl. Phys. B325 (1989) 329; 
P.M.S. Petropoulos, Phys. Lett. B236 (1990) 151; I. Bars and D. Nemeschansky, 
Nucl. Phys. B348 (1991) 89; J. Distler and P. Nelson, Nucl. Phys. B366 (1991) 255. 



27 



[40] K. Sfetsos, Phys. Lett. B271 (1991) 301; I. Bakas and E. Kiritsis, Int. J. Mod. Phys. 
AT (1992) 55, |hep-th/9109029| . 



[41 
[42 

[43 
[44; 
[45 
[46 

[47; 



[48 
[49 



[50 
[51 



[52 
[53; 



P.A. Griffin and O.F. Hernandez, Nucl. Phys. B356 (1991) 287. 

I. Bars, Phys. Rev. D53 (1996) 3308, |hep-th/9503205| ; Y. Satoh, Ghost-free and 
modular invariant spectra of a string in SL{2, H) and three-dimensional black hole 
geometry, [hep-th/9705208. 



H.J. Boonstra, B. Peeters and K. Skenderis, in preparation. 
P.A.M. Dirac, J. Math. Phys. 4 (1963) 901. 
C. Fronsdal, Phys. Rev. D12 (1975) 3819. 

C. Fronsdal, Phys. Rev. D26 (1982) 1988; H. Nicolai and E. Sezgin, Phys. Lett. 
B143 (1984) 389; M. Giinaydin and N. Marcus, Class. Quant. Grav. 2 (1985) LI; 
M. Giinaydin, P. van Nieuwenhuizen and N.P. Warner, Nucl. Phys. B255 (1985) 63. 

E. Bergshoeff, M.J. Duff, C.N. Pope and E. Sezgin, Phys. Lett. B199 (1987) 69; 
M.P. Blencowe and M.J. Duff, Phys. Lett. B203 (1988) 229; E. Bergshoeff, 
A. Salam, E. Sezgin and Y. Tanii, Phys. Lett. B205 (1988) 237 and Nucl. Phys. 
B305 [FS23] (1988) 497. 

H. Nicolai, E. Sezgin and Y. Tanii, Nucl. Phys. B305 [FS23] (1988) 483. 



G.W. Gibbons and P.K. Townsend, Phys. Rev. Lett. 71 (1993) 3754, |hep= 
th/9307049 . 



M. Giinaydin, B.E.W. Nilsson, G. Sierra and P.K. Townsend, Phys. Lett. B176 
(1986) 45. 



R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B486 (1997) 77, Eep^ 



th/960312q , B486 (1997) 89, |hep-th/9604055t and B484 (1997) 543, f^- 



th/9607026 . 



D.A. Lowe and A. Strominger, Phys. Rev. Lett. 73 (1994) 1468, |hep-th/9403TSB . 

M. Cvetic and D. Youm, BPS Saturated and nonextremal states in abelian Kaluza- 
Klein theory and the effective N = 4 supersymmetric string vacua, in Strings'95, 
Future perspectives in string theory, p. 131-147, |hep-th/9508058 . 



[54] I. Bakas, Phys. Lett. B343 (1995) 103, |hep-th/9410T04 



28 



[55] T. Fukuyama and K. Kamimura, Phys. Lett. B160 (1985) 259; K. Isler and 

C. Trugenberger, Phys. Rev. Lett. 63 (1989) 843; A. Chamseddine and D. Wyler, 
Phys. Lett. B228 (1989); P. Schaller and T. Strobl, Phys. Lett. B337 (1994) 266, 
|hep-th/94011iq . 



[56] H. Lu, C.N. Pope, E. Sezgin and K.S. Stelle, Nucl. Phys. B456 (1995) 669, [hep= 



th/9508042| ; H. Lu and C.N. Pope, NucL Phys. B465 (1996) 127, |hep-th/95120T2 



29 



